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1. INTR~~U~TI~N 
The celebrated Gronwall-Bellman-Bihari inequality and its various linear 
and nonlinear generalizations have been of vital importance in the study of 
existence, uniqueness, continuous dependence, comparison, perturbation, 
boundedness, and stability results of ordinar differential equations and 
integral equations [2-6, 14, 15, 18, 20, 22, 23, 371. In recent years the more 
than one variable generalizations of this inequality have evoked considerable 
interest since they are handy tools in the theory of partial differential and 
integral equations. Specifically we refer to the results of Bondge and 
Pachpatte [7-11, 131, Bondge et&. [ 121, Chu and Metcalf [ 161, Colan and 
Diaz [ 171, Headley [21], Agarwal [ 11, Pachpatte [24-301, Rasmussen [31], 
Shih and Yeh [32,41], Singare and Pachpatte [33], Snow [34,35], Than- 
dapani and Agarwal [36], Yeh [39,40,42], Young [43], and Zahariev and 
Bainov [44] among others. 
In this paper, we establish some new nonlinear integral inequalities with 
delay in n-independent variables which include and unify recent results on 
integral inequalities in several variables by Shih and Yeh [41], Yeh [42], and 
Zahariev and Bainov [44]. We also deduce from our results new 
generalizations of earlier results of Bihari [6], Bellman [4], Dhongade and 
Deo [ 18, 191, and Pachpatte [22, 231. Some applications of our results to a 
certain class of nonlinear hyperbolic functional partial differential equations 
are also given. 
1 
0022-247X/84 $3.00 
Copyright 0 1984 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
2 OLUSOLAAKINYELE 
2. MAIN RESULTS 
Let B denote an open bounded set in the n-dimensional Euclidean space 
R”. For x=(x1,x2,..., x,) and x0 = (xy , xi,..., xi) E B we denote by 
J:ll*.. dy, the n-fold integral J:j . . . I”,! . . . dy, dy2 . . . dy, and Di = a/axi, 
1 ,< i < n. The natural partial ordering in R” is defined by x0 < x (or x0 < x) 
if and only if x9 < xi (or xy <xi) for i = 1,2,..., n. Throughout the paper we 
shall assume that x0 is fixed and that the region B is taken to be of the form 
B={yER”:x”<y<x’}. 
DEFINITION. Denote by R the class of continuous functions u: R” -+ R” 
satisfying the following conditions: 
(i) IT(X) = (or(x), u*(x) ,..., a,(x)) where aj: R” + R j = 1, 2 ,..., n are 
continuous functions on R” into R = (-00, co), 
(ii) a(x) < x, 
and 
(iii) lim ,x,-m uj(x) = co for each j = 1, 2 ,..., n. 
The recent results of Yeh and Shih [41] and Pachpatte [23] are embodied 
in the following. 
THEOREM 1. Let Q(x), f(x), and g(x) be real-valued nonnegative 
continuous functions on B and n(x) be a positive, nondecreasing continuous 
function on B. Suppose u and p EF and q(x) > 1 is a real-valued 
continuous function defined on B. Let the functional inequality 
TW> & 44 + q(x) /Iof (4 #C-W) ds 
+ jIo f 6) (jIO g(t) G(t)) dt ) ds] (1) 
hold for all x E B, with x > x0. Then for all x E B with x > x0, 
(1) &f) G q(x) n(x) 
X exp 
0 I 
x f (4 sW> n@(4) + g(t)) 4@(t)) n@W dt 
XQ n(W) I 1 
c2j 
and 
(11) 
X exp ’ f@> da@)) n(u(t>) + dt) d&)) d&)> dt 
n@(t) ) 1 ds . (3) 
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ProojI Since n(x) is positive and nondecreasing, from (1) 
Define 
ds + jIof(s) (jIo g(t) 9 dt) ds. (5) 
Then 
u(x) = 1 if xi = xi’, l<i<n 
and inequality (4) becomes 
4(x> -G 4(x) 4x1 
44 
for xEB. (6) 
Now, 
u(a(x)) = 1 + j;;Xif(s, 5 ds 
+ j;;‘)(s) (j;og(t)@$dtj ds<u(x). 
Similarly u@(x)) < u(x), hence, by (6), 
~(44) < q(W) nMx)> d-4 
fW(x)) G q@(x)) n@(x)) 44. 
(7) 
Using (6), the nondecreasing property of n(x), and the property of q, 
DID, .-- D,u(x) 
0@(t)) =mq +f(x) jIo m-n(l)df) 
4x) +i,: g(t) dP(t)) $$+ u(t) dt (8) 
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Define 
then 
V(x) = u(x) if xi=xp, l<i<n 
and 
for x ax’. (9) 
Hence in view of (8), 
DID2 ..a D, V(x) = D,D, 
n@(x)) 
.a- D,4x) + g(x) q@(x)) no) 4x> 
<f(x) q@(x)) V(x) •t i?(x) q@(x)) $g V(x). 
Thus 
D,D, -.. D, V(x) 
< “f(x) q@(x)) G(x)> + g(x) q@(x)) wx>> 
\ 
i n@(x)> 
v(x) 
(10) 
Set 
w(x) = f(x) qWN 444) + g(x) q@(x)) n@(x)) ; 
44x)) 
then (10) becomes 
D,D, ... D, V(x) < W(x) V(x) 
and 
V(x) DID, -.. D, V(x) D,, V(x) D, a.. D,-, V(x) 
[w1* < W(x) + uw1* ’ 
that is, 
D, DID, ... D,-, V(x) V(x) < W(x). (11) 
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Integrating both sides of (11) with respect o the component x, of x from XI) 
to x,, we have 
D, .-+ D,-, V(x) xn 
V(x) 
< I W(X,,Xn-,,4Jd41. x:: 
Therefore 
V(x) D, .a. D,-, V(x) 
uw12 
x” D < J^ W(x, )...) x L> 4, + 
“-, V(x) D, .a. D,-, V(x) 
n-1, 
xi uw1* 
i.e., 
D D, n-1 W(x, ,..., x,- 1, t,) dt,. (12) 
Integrating both sides of (12) with respect o the component x,- 1 of x from 
4-l to x, _ 1 we obtain 
D, ... D,-, V(x) X.-I X” 
V(x) 
< 1 i 
W(x, )...) x n-*,tn-,,fn)dtndtn-,. 
-q-, xi 
Proceeding in this manner, we arrive at the inequality 
D, V(x) ~2 xn 
< li V(x) .r; x,” 
W(x, , t, ,..., tn) dt, dt,-, ,..., dt,. (13) 
Finally integrating both sides of (13) with respect o the component x, of x 
from x7 to x, we have 
ln v(X) G jx W(t) dt, 
x0 
that is, 
V(x) & exp ( jIo W(t) dt ) . (14) 
Using (6) and (9), we have for x > x0, 
which is (I). 
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To establish (II), put (14) into (8), to obtain 
Integrate (15) first with respect o the component x, of x from XI: to x, then 
with respect o the component x, _, of x from xz _ I to x, _ 1 and continue in 
this way up to the component x, of x from xy to x1 ; then 
u(x) S 1 + jx f(s) q@(s)) exp (f. @W dt) ds. x0 (16) 
Putting (16) into (6), we have 
9(x) s 4(x) 4x1 L 1 + j;oft4 MS)) 
which is (3). 
Remark. For o(x) = p(x) = x and q(x) = 1, Theorem 1 with the estimate 
(3) reduces to a result of Yeh and Shih [41, Theorem 11. For x = a(x) = p(x), 
g(t) = 0, and q(x) = 1, the estimate (2) is due to Zahariev and Bainov [44] if 
n(x) is taken as #(x0). For u(x) = p(x) = x, g(t) = 0, and x0 = 0, the estimate 
(2) reduces to a result due to Yeh [42, Theorem 11. For n = 1, q(x) = 1, and 
g(t) = 0, our estimate (2) of Theorem 1 gives a functional integral inequality 
with delay generalization which unifies and embodies Bellman’s inequality 
[4, p. 581 and the Dhongade-Deo inequality [ 19, Lemma I]. For n = 1 and 
x0 = 0, Theorem 1 with estimate (3) is another generalization of the 
inequality due to Pachpatte [23, Theorem l] and if in addition n(x) is a 
constant we obtain a generalization of Theorem 1 of [22]. 
COROLLARY 1. Let the inequality (1) be satisfied for x E B, with u(x) = 
p(x). Then 
and 
4(x) s 4(x) 4x1 
[ 
1 + jIof 6) &J(s)) 
i, 
s 
X exp &WNf W + &> I dt ds x0 1 1 
for x E B with x > x0. 
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If q(x) E 1 the two estimates in Corollary 1 are independent of the delay 
u(t). The second estimate in that case coincides with that of Yeh and Shih 
[41, Theorem 11. If II = 1 and o(t) = t then Corollary 1 reduces to a unified 
version of the results of Pachpatte [22, Theorem 1; 23, Theorem 11. 
We shall now use Corollary 1 to establish the following useful n- 
independent variable integral inequality with delay which generalizes 
Theorem 2 of [23] and Theorem 1 of [ 181. 
THEOREM 2. Let 4(x), f(x), g(x), q(x), a(x), and p(x) be as in 
Theorem 1. Let h(x) be a real-valued nonnegative continuous function 
defined on B c R”, and H(u) be a positive, continuous, monotonic 
nondecreasing, and submultiplicative function for u > 0 and H(0) = 0. If for 
x E B with x > x0, and D,H(u(x)) > 0 for k = 2, 3 ,..., n, 
4(x) G 40 + q(x) jIof 6) O(s)) ds 
+ :f(s, J ( lIo &> $W>> dt ds + 11, x h(s)H(b@(s))ds; (17) x0 
then 
x [G-l (Wo)+j-)WJ[ q@(s)) 
0 
D(S) 
X exp qW)){f @> + g(t)} dt 11 )I ds x0 (18) 
and 
PI $(x1 G E(x) L 1 + j-IO/ @I q(+)) 
X exp 
(J 
’ cW>NfW + &>l dt i 1 ds (19) x0 
where 
E(x) = 4x1 G-l 
x I-I 1 + c’ f 6) do(s)) A(s) ds I) 4j (20) 
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with 
G(u) =jul&T u>uO>O. (21) 
G-l is the inverse of G and x E B is such that x > x0 so that 
Gt#o) + jIo 4s) H (d&N 
(I 
P(S) 
X exp clMt))Iftt) + g(t)1 dt ds E DomtG-‘1 
x0 11 
and 
G(q4,) + jIo W)H [q@(y)) 11+ j;;‘h) dots)) 
X exp q(4s)Kftt) + g(t)} d0 ds ill dy E Dom(G-‘). 
ProoJ Define 
n(x) = Qo + jIo 4s) NWS))) ds; (22) 
then 
n(x) = 40 P if xi=xp l<i<n. (23) 
Hence (17) becomes 
0) < n(x)+ q(x) 
[ 
j;of@) #J(S)) ds 
+ ;of@) 
j ( 
j' g(t) C(t)) dt ds m 
1 1 x0 
(24) 
By definition, n(x) is positive, monotonic nondecreasing on B, so an 
application of Corollary 1 to (24) gives the estimates 
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and 
06) G 4(x) 4x1 
First consider (25). Since H is multiplicative and n is nondecreasing, 
W4+))) G H@(x)) H 
L 
q@(x)) 
X exp ii”“’ M~>WW + g(f)1 dt) ] 
l-0 
so that 
h(x) H(9@(x))) 
fwx)) 
< h(x)H jq(P(xN 
X exp (j”“’ sw)w(~) + g(t)1 dt) 1 * (27) x0 
Using (22) and (27), we get 
Dl4 ‘.. Dnn(x) < h(x)H q@(x)) 
HW)) i 
u 
P(X) 
X exp dWHfW + g(t)1 a !I * (28) .x0 
Proceeding to integrate (28) from x0 to x step by step using the arguments 
similar to that of Theorem 1 and using (21) and (23) we arrive at 
Hence 
u 
P(Y) 
X exp s(49H.fw + g(t)} dt 1) dJJ* 
[ ox0 i n(x) < G-’ G(d I+ x W)H ( q@(y)) x0 
Putting (29) into (25), we have (18) as desired. 
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Now consider (26) and proceed in the same manner to arrive at 
D, *‘* Dnn(x) < h(x)H [q@(x)) 1 1 +~~?(s)q(o(s)) 
Wn (4) 
X exp 
(1 
’ q@(t)Kf(4 + g(t)> dt 
x0 1 11 
ds - (30) 
Integrating (30) from x0 to x, we have 
G@(x)) G Wo) + jIo h(yW [q@(y)) ( 1 + j;;‘h) sW>> 
X exp 
(j’ 
’ du(t))W) + g(t)) dt du x0 
so that 
(31) 
Putting (3 1) into (26) yields (19). 
THEOREM 3. Let 4(x), g(x), n(x), q(x), u(x), and p(x) be us defined in 
Theorem 1. Let Q be a continuous function defined on [0, co) into [0, CQ) 
such that Q(u) is positive, nondecreasing, and submultiplicative for u > 0 
and Q(0) = 0. Iffor x > x0, and D,R(u(x)) > 0 for k = 2, 3 ,..., n, 
d(x) < n(x) + 4(x) [ jIo g(s) 
then for x E B with x > x0, 
and 
O(x) < n(x) q(x) Gm 
r rx 
4(x) < n(x) q(x) 11 + J,, g(s) q(u(s)) G- ’ 
B(4s)) + jIo s(O fw@W)) dt ds ’ (32) 
i I 
1 (33) 
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G-’ is the inverse of G, and x > x0 such that 
x &>PW 
G(1) + I,. n(u(t)) dt E Dom(G-‘). 
Proof: n(x) is positive and nondecreasing, so (32) becomes 
$&q(x) [l +Jy$s) ~~+~~O-&w@(r)))dtj ds]. (36) 
Define 
u(x)= 1 + jIo g(s) (9 + f. +- Q(#@(f))> df ) ds; (37) 
then 
and 
u(x) = 1 for xi =xp, 1 <i< n, 
f@(x)> G 44x>> 44x)) u(x) G 4x> q(fJ(x)) 4x>, 
$0(x)) G n@(x)) q@(x)) 4x> < n(x) de)) u(x)* 
Now 
< s(xMJ(x)> 4x> 
Define 
w(x) = u(x) + jIog) Q(q@(O) n@(O)> W(Q) dc 
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then 
w(x) = u(x) if xi = xp for 1 < i < n, 
and 
4x) < w(x) for xE B. (38) 
Moreover, 
D, . - - D, u(x)< g(x) q@(x)) w(x); (39) 
hence 
4 .a- D,w(x) 
< --$& [q((J(x)) n@(x)> w(x) + w?@(x)) Wx)>) Q(W)>1 
Let 
~(-4 = m4s(W> 44x)), J%dAx)) Wx>)>l; (40) 
then 
D, ... D,w(x) < $g P(X>[W(X) + Q(w(x)>l 
and so 
[w(x) + a(~(~>>1 D, ..a D,w(x) 
[w(x) + f4w(x>)lZ 
< g(x) P(X) + D,(W) + Q(wtx))> D, -.a Dn- 1 w(x) 
44x)) [w(x) + Q(w(x))12 . 
That is, 
Dn 
D, ... Da-1 w(x) w(x)+ fJ(w(x)) 1 < &)P(X> e(x)) . 
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Using the same type of arguments as we have in Theorem 1, we arrive at 
D, 4x1 x2 < “’ I I 
IfI id-%, Y2 **- Y,>P(Xl, Y2 *** YJ 
w(x) + .n(w(x)> xs 44% 3 Y2 -** YJ 
dy 
n a.- dy,. 
x,” 
By (35), we obtain 
D, [G(w(x))] <j;; jxn g(xl’ y;-;x;“,4’xri;“’ “) dy, . . . dy,. 
2 4 3 n 
Integrating with respect o the component x, of x from xy to x,, 
G(w(x)) < G(l) + jIo g!$,f$’ & 
i.e., 
I . 
(41) 
Equations (36), (37), (38), and (41) now imply 
which is (33), where p is as defined in (40). Finally, put (41) into inequality 
(39) to obtain 
D, a*. D,u(x) < g(x) sW>> G-’ [G(l) + j;o;;;;; dy] . (42) 
Integrating both sides of (42) using analogous arguments as in Theorem 1 we 
obtain 
To obtain (34), use (36) (37), and (43) and the proof is complete. 
COROLLARY 2. Let all the hypotheses of Theorem 3 hold. If inequality 
(32) holds, then 
4(x> < n(x) q(x) G-’ G(l) +/IO g(y) q(o(y))dy] 
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OT 
#(x><n(x)q(x) 1 +j~odM4W-1 [G(l) [ 
O(x) < 4~) q(x) [ 1 + j: g(s) s@(s)) G-' [ (31) 
+ I 
s g(t) ~ Q(s@(t)) n@(t))) dt x0 nw>> 11 . 
Remark. The integral inequalities of Corollary 2 extend Pachpatte’s 
result [23] to n-independent variables with delays. For p(x) = u(x) =x, we 
also obtain a new generalization of Yeh and Shih’s result [41, Theorem 21. 
We now establish other useful n-independent variable generalization of the 
Bellman-Bihari-type inequality with delay. 
THEOREM 4. Let ((x), g(x), q(x), n(x), and o(x) be as defined in 
Theorem 1. Suppose 0: [0, 00) + [0, 00) is continuous, positive, 
nondecreasing, and submultiplicative for u > 0 with Q(0) = 0. If for all 
x E B and D,$(u(x)) > Ofor k = 2, 3 ,..., n, 
4(x> G n(x) + 4(x) j~o g(s) Q(@(‘(s))> ds; (44) 
thenforx’<x<x* 
4(x> < n(x) q(x) G-’ G(l) + jIof$ Q(q@(~>) n@(y)>> &] (45) 
where 
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G-’ is the inverse of G, and x* is chosen so that 
15 
x dY> 
G(1) + I,0 n(y) -WMyN n(W)) du E Dom(G-‘) 
for x satisfying x0 < x < x*. 
Proof As before 
Define 
then 
and 
hence, 
so that 
Thus 
x g(Y) $+W 1 +jxon(y)%‘(~(W~ i 1 . (46) 
u(x) = 1 + 
I 
x dY> 
xo n(y> W@J(Y)>) dy; 
u(x) = 1 if xi=xp, l<i<n 
4(W) < q(W) n(W) 44; 
D, . .. D, u(x) < s WqW)) n(G)> QW)), 
fwx>) D, a-. D,u(x) < g(x) 
PW>>12 m QM44) n(4-W 
+ D,w4x))D, *** Dn-14x) 
w4-9)’ . 
Dn c 
D, ... D,-,u(x) 
44x>) ) 
Integrating as before from x0 to x, we obtain 
WW) Q G(1) + jIos fWMy)) n@WN dx 
409/104/l-2 
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i.e., 
u(x) < G-’ w?(4Y)) WY))) dY 1 * (47) 
Putting (47) into (46) gives (45) which is required. 
In [41] Yeh and Shih considered a class of functions 6 with the 
properties that H belongs to ;T; if 
(i) H(u) is positive, continuous, and nondecreasing for u > 0 
(ii) t-‘H(u) < H(t-‘u) for t > 0 and u > 0. Clearly condition (ii) 
implies that H(u) = H(l)u. [3, Sect. 51 and so to avoid such a triviality, we 
redefine the class 4 as follows: H belongs to a class 5 if 
(iii) H(u) is nonnegative, continuous, and nondecreasing for u > 0, 
H: [0, co) + [0, co), H(u) > 0 for u > 0, H(0) = 0, and 
(iv) t-‘H(u) < H(t-‘u) for t > 1 and u > 0. 
The following theorem generalizes [41, Theorem 31 which in turn 
generalizes [44, Theorem l] and includes Bihari’s inequality [6] and 
Theorem 3 of [18]. 
THEOREM 5. Let d(x) and g(x) be nonnegative real-valued continuous 
functions on B. Let n(x) be a nondecreasing continuous function on B such 
that n(x) > 1 and q(x) is a real-valued continuous function such that 
q(x) > 1. Let o ET and suppose Q: [0, 00) + [0, co) belongs to class ;” 
with D,R(u(x)) > 0 for k = 2, 3,..., n. If the inequality 
$(x1 < n(x) + q(x) jIo g(s) WW>>> ds 
holds for all x E B, then for x0 < x < x’ 
0(x> <4x1 q(x) G--l [G(l) + jIo g(s) q@(s)) ds] 9 
where 
G-’ is the inverse of G, and x’ is chosen so that 
G(1) + lx g(s) q@(s)) ds E Dom(G-‘). 
x0 
ProojI 
Define 
then 
and 
Hence 
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As in the last theorem, 
u(x) = 1 + I 
x &T(Y) 
- fwwY>>> dYi 
x0 n(Y) 
u(x) = 1 if xi = x7, l<i<n 
4(4x)) G q@(x)) Wx>) 44x>) G q(W)) 4x> u(x)* 
Dl .a. D,u(x) < 
< g(x) 4(4x)) 
q(u(x)) qx> wmx)) 4x1 u(x)) 
G g(x) Mx)) 44x))* 
Q@(x)) D, .-a D,u(x) 
< g(x) &J(x)) + 
D,&@(x)) D, a-. D,-, u(x) 
vw4-4)12 Pw>)121 ’ 
i.e., 
Dn 
D, a-. D,-lu(x) 
W(x)) 
< g(x) 4(4x))* 
The rest of the argument can be constructed as in the last theorem to yield 
the required result. 
Remark. For n = 1, our theorem generalizes integral inequalities due to 
Bellman [4, p. 581, Bihari [6], and Dhongade and Deo [ 191. For O(u) = U, 
u(x) =x, then n(x) can be taken to be positive and G-‘(u) = exp u; so 
Theorem 5 reduces to Theorem 1 of Yeh [42]. If u(x) =x in our Theorem 5 
we have Theorem 3 of [4 11. 
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COROLLARY 3. Zfq(x) = 1, Q(u) = v in Theorem 4 and (44) holds, then, 
THEOREM 6. Let 4(x), f(x), g(x), a(x), and p(x) be as defined in 
Theorem 1. Let q(x), j = 1,2 be real-valued continuous functions defined on 
R * such that q(x) 2 1, j = 1, 2, and R be as defined in Theorem 4. Let 
w be a continuous function of class 5. Zf for x E B, D&u(x)) > 0 for 
k = 2, 3 ,..., n. 
4(x) G#o + q~(x)~~~f(s)w(~(~(s)))ds + q2(x)~~~g(s)n(~~(s)))ds 
where Q0 is a constant greater than or equal to one, then 
4(x> Q q*(x) q*(x) go(x) F-l 
x Wo) + jIo g(s) Q(q,@(s)) qb(s)) ~o@(s)N ds] 
where x0 < x < x’, 
(48) 
(49) 
io(x) = G-’ 
G-’ and F-l are the inverses of G and F, respectively, and x’ is chosen so 
that G( 1) t s$, f (s) q,(a(s)) ds E Dom(G-‘) and 
W,) + jx g(s) Q(q,@W q&(s)) ~,@W) ds EDom(F-‘). x0 
Proof Define 
44 = 4. + &I j:. g(s) Q(4@W> ds. 
Then m(t) is continuous monotonic nondecreasing, and m(t) > 1 so that (48) 
becomes 
4(x> G m(x) + qlWj~o f(s) w@@(s))) ds. 
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Define 
then 
v(x)= 90 for xi = xp, 1 < i < n and m(x) < q*(x) u(x). 
Then 
4(x)Gql(x)qztx> v(x) G-’ 
[ 
G(l) +j~of(sM4W~]~ 
Using the submultiplicative property of Q, 
x G(l)+ [ 
Hence if we define i,(x) = G-‘[G(l) + Jcof(s) q,(o(s)) ds], 
D, .** Dnvtx) G g(x) N?l@(X)) dP(x)) ~o@W). fitvtx>> (51) 
Integrating (5 1) by the same procedure as in Theorem 4 from x0 to x, we 
have 
F(v(x)) < Wo) +jx g(s) wll@(S)) dm  ~o@W ds x0 (52) 
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where F is as defined in (50). From (52), 
9(x) G q,(x) q*(x) ~o(x> F-’ 
x Wo) + jx: g(s) %1@(s)) q&(s)) fio@W) ds] 
which is (49). 
COROLLARY 4. Let O(x), f(x), g(x), +>, P(X), ql(x), q2(x), 0, and Q be 
as in Theorem 6. Let n(x) be a continuous function such that n(x) > 1. Then 
b(x) G 44 + q,(x)~~of(s) 4Ws>>ds 
+ q&) jio g(s) W@(s))) d  
implies 
C4 < 4-4 q,(x) q&) go(x) Fe’ 
x 
[ j 
J’(l) + IO g(s) W,@(s)) q&Q)) ~o@W) d8-j 
where x0 < x and G, G-‘, F, F-‘, and i,(x) are as defined in Theorem 6. 
ProoJ Define 
m(x)= 4~) + &) j;- g(s) WKP(S)>> ds. 
Then by Theorem 5, 
tW> Q m(x) q,(x) G-’ G(l) + j;ofW q1Ms)) ds] 
and 
4x1 G 4-9 q2(x) 1 +/IO g(s) W%W) ds] . 
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Define 
4x>= 1 + j;. g(s) WW))) ds; 
then 
u(x) = 1 for xi=xp, l<i<n 
and 
m(x)< n(x) 92(x) 4x>* 
Proceeding as in the last theorem, we obtain 
4x1 G F-’ 
[ j 
F(l) + IO g(s) Q(q,@(s)) q&(s)) &M4N d] - 
Hence 
x 
[ 
F(l) + jIo g(s) Q(ql@@>) qMs)) &i+)N ds 1 
which is the required inequality. 
Remark. For q,(x) = q2(x) = 1, a(x) = x, and p(x) =x, we have an n- 
independent variable generalization of Theorem 4 of Dhongade and Deo 
[ 181. If in addition o(z) = z we obtain a generalization of Theorem 1 of 
[ 181. For n = 1 our Theorem 6 is a functional integral inequality 
generalization of results of [ 18, Theorems 1 and 31. For Q(u) = up p # 1 > 0 
and w(z) = z, Theorem 6 gives a generalization of a result of Willet and 
Wong [38]. Corollary 4 unifies Theorems 4 and 5 and generalizes 
Theorem 6. 
3. APPLICATIONS 
In this section we give some applications of our theorems to obtain 
properties of solutions of a certain class of nonlinear hyperbolic functional 
integrodifferential equations of the retarded type. We consider the hyperbolic 
equation 
aflu(x) 
ax,ax, . ..a~. = G(x, u@(x)), Wx)) (53) 
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together with the given suitable boundary conditions 
u(xI 3 xi-l 3 xp, xi+ * 9***2 Xn), 1 < i < n, 
where 
GEC(R”xRxR,R) and Wx) = jIo k(x, Y, WY>)) dy 
with kEC(R”xR”xR,R) and a,pEF. 
Any solution u(x) of (53) satisfying the boundary conditions is also a 
solution of the Volterra integral equation 
u(x) = n(x)+ jIo G(s, Ws)), W)) ds, (54) 
where n(x) takes care of the boundary conditions. The following theorem 
provides an upper bound on the solutions of (53). 
THEOREM 7. Assume that 
0) I k(x, Y, WY>>>~ G g(y) I WY))I and 
I W, G(x)), Nx))l< f(x)[l44x>I + I Wx)l I 
where f and g are continuous nonnegative real-valued functions such that 
cc 02 
I I 
co 
. . . g(s) ds < 00 and 
I’ 1  ^
... 
xp xi 
X;f(s)ds < CO, 
XP ” 
(ii) p(x) < u(x) for x > x0, 
(iii) n(x) is a nomero, nondecreasing function such that 
In(x)l<M for M>O. 
Then solutions of (53) are bounded. 
ProoJ Using (54) we have 
lu(x>l< In@>1 +/~of(s)l144s))l + IWII ds 
< 1 n(x)1 + IX f(s) I u(u(s)>l ds+ jIof 6) (jIo g(t) I u@(t))1 df) ds- 
x0 
Applying Theorem 1, we have 
iu(x>l G 1 n(x)1 exp (jIo (f(t) / # / + g(t) / $$$I dt) ) . 
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NOW (ii) implies In@(t))/n(a(t))l < 1 and assumptions on f and g imply 
where N is a positive constant, which completes the proof. 
COROLLARY 5. Assume that hypotheses (ii) and (iii) of Theorem 7 hold. 
Let the conditions on G and k in Theorem 7 hold with f and g satisfying the 
condition 
jxy -.~x'f(s)exp (jIo {f(t) + g(t)1 dt) ds < 00. 
1 " 
Then solutions of (53) are bounded. 
The following theorem gives another bound on the solutions of (53). 
THEOREM 8. Assume that 
(i) ) G(x, u@(x)), Tu(x))l < p(x) Q(l u(u(x))I) where p is a continuous 
nonnegative real-valued function such that I; ..a jz p(s) ds < 00 and 
l2 E <i”, with D,Q(u(x)) > 0 for k = 2, 3 ,..., It, 
(ii) n(x) is a nonzero, nondecreasing function such that 
l<In(x)i<M for M>O. 
Then solutions of (53) are bounded. 
Proof Again using (54) 
I @>I < In(x)I + jIo I W, uW>>, WN ds 
G IW + i* P(S) 4 44s>N ds. x0 
Applying Theorem 5 to the above inequality we have 
l@>l< In( G-’ [G(l) +~~oP(s)ds]e 
Now G(r) = s:, (ds/.Q(s)) implies G’(r) > 0, so that G-’ exists and is an 
increasing function. Hence 
luGI <MG-’ 
[ 
G(l) +lx; ..f; p(s)ds] 
I n 
<N 
in view of assumption (i), with N a positive constant. 
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THEOREM 9. Assume that 
(9 I G(x, u@(x)>, Tu(x))l <f(x) 4 Ws)>l> t I Wx)l where f is a 
continuous nonnegative real-valued function such that s: . .. l? f (s) ds < co 
and oE&. 
(ii) There exist continuous functions g and fi such that 
a: [O, co)+ [O, al) is nondecreasing nonnegative submultiplicative for u > 0 
and Q(0) = 0, g is nonnegative, J”$ ... ,z g(s) ds < 03, and 
I T@)l< g(x) WI di~(x>>l), PEK 
(iii) n(x) satisfies hypothesis (iii) of Theorem 8. 
Then solutions of (53) are bounded. 
Proof 
I WI < I44 + jIof 6) 4 WN ds + jIo g(s) Q(l Ws>>l) ds 
Applying Theorem 6, with ql(x) = q*(x) = 1, 
Iu(x>l<G-' (G(l)+j~of(s)d~)~-' 
x [F(M)t~~~g(s)R(G-'(G(l)+~~~"f(f)dt)) dsj 
where 
G(v) = f. -&> 
v>v”>o 
r > r” > 0, 
and G- ’ and F- ’ are the inverses of G and F, respectively. Clearly G- ’ and 
F- ’ are increasing functions so that 
Using hypotheses (i) and (ii), we see clearly that the right hand side of the 
last inequality is bounded which completes the proof. 
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